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Abstract
The main notions of semiclassical scalar electrodynamics in different gauges (Hamilto-
nian, Couloumb, Lorentz) are discussed. These are semiclassical states, Poincare trans-
formations, fields, observables, gauge equivalence. General properties of these objects
are formulated as axioms of semiclassical theory; they are heuristically justified. In par-
ticular, a semiclassical state may be viewed as a set of classical background field and
quantum state in the external background. Superpositions of these ”elementary” states
can be also considered. Set of all ”elementary” semiclassical states forms a semiclassical
bundle, with base being classical space and fibres being quantum states in the external
background. Quantum symetry transformations (Poincare and gauge transformations)
are viewed semiclassically as automorphisms of the semiclassical bundle. Specific features
of electrodynamics are investigated for different gauges.
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1 Introdcution
States and observables (fields) are main notions of the axiomatic quantum field theory
(QFT). The difficulty is that it is unknown whether a nontrivial model of axiomatic AFT
exists in 4 dimensions [1]. All practical calculations in QFT (evaluations of scattering and
decay properties) are performed using the heuristic Lagrangian framework. All the axioms
of QFT are checked within the perturbation theory [1, 2, 3, 4]: if a formal perturbation
series for physical quantities satsfies the set of axioms then one says that axioms are
checked.
Another important heuristic approximate method is a semiclassical approximation. A
lot of examples of physical applicatons of the semiclassical approximation are known: these
are soliton quantization theory [5, 6], QFT in a strong external background classical field
[7] or in curved space-time [8], the one-loop approximation [9], time-dependent Hartree-
Fock [9, 10] and Gaussian approximations [11].
However, the main axiomatic notions (states, observables and fields), as well as corre-
spondence princtiple between quantum and classical field theories are to be clarified. For
the scalar field theories, the axioms of semiclassical field theory were suggested in [12]. The
purpose of this paper is to formulate and investigate analogs of these axioms for gauge
theories. Quantum electrodynamics (QED) is considered as an example of an Abelian
gauge theory. Since one knows formulations of QED in different gauges (Hamiltonian,
Couloumb, Lorentz), the corresponding formulations of the semiclassical theory should
be investigated. One expects all the formulations to be equivalent; these equivalence
should be checked then.
Section 2 deals with properties of states and observables in semiclassical field theory.
The discussion is based mostly on refs. [12, 13]. In section 3 different approaches of quan-
tizing electrodynamics are reviewed. Section 4 is devoted to the notion of semiclassical
state for different gauges. In section 5, semiclassical observables and transformations are
investigated. Section 6 contains concluding remarks.
2 Properties of states and observables in semiclassi-
cal field theory
Let us discuss general properties of semiclassical field theory. Consider a simpler example
of scalar field theory with the Lagrangian
L = 1
2
∂µϕ∂
µϕ− 1
h
V (
√
hϕ), (2.1)
1
h being a small parameter of expansion.
1. A ”naive” semiclassical theory can be constructed as follows (cf. [7]). One extracts
a c-number component Φ(x)/
√
h from the field ϕ(x):
ϕ(x) =
Φ(x)√
h
+ φ(x); (2.2)
then the remaining part φ(x) is quantized. Substitution (2.2) to the Lagrangian (2.1)
leads to the following action
I = 1
h
∫
dx
[
1
2
∂µΦ∂
µΦ− V (Φ)
]
+ 1√
h
∫
dx
[
1
2
∂µΦ∂
µφ− V ′(Φ)φ
]
+
∫
dx
[
1
2
∂µφ∂
µφ− 1
2
V ′′(Φ)φ2
]
+ ...
The term of the order O(1/h) is constant and can be omitted; the second term (linear in
φ) vanishes due to classical equation of motion for Φ; the remaining quadratic term is
I2 =
∫
dx
[
1
2
∂µφ∂
µφ− 1
2
V ′′(Φ)φ2
]
. (2.3)
Then action (2.3) is quantized, and a semiclassical theory is obtained.
2. The semiclassical theory can be also constructed in the Hamiltonian approach
as well. One considers the quantum theory correspoinding to the Lagrangian (2.1) and
investigates the semiclassical states which depends on the small parameter h due to the
Maslov substitution (its analog was suggested for quantum mechanical problems in [14,
15]):
Ψ ≃ e ih S˜e i√h
∫
dx[Π(x)ϕˆ(x)−Φ(x)pˆi(x)]
f ≡ K˜hS˜,Π,Φf. (2.4)
Here pˆi(x) is a momentum canonically conjugated to the field ϕˆ(x). In the functional
Schrodinger representation (the field and momentum operators are ϕˆ(x) = ϕ(x), pˆi(x) =
−i δ
δϕ(x)
, states are Ψ[ϕ(·)]) formula (2.4) can be rewritten as
Ψ[ϕ(·)] = conste ihSe i√h
∫
dxΠ(x)[ϕ(x)
√
h−Φ(x)]
f [ϕ(·)− Φ(·)√
h
] ≡ KhS,Π,Φf [ϕ(·)] (2.5)
with S = S˜+ 1
2
∫
dxΠΦ. If theclassical field is ϕ(x) = Φ(x)/
√
h+O(1) then the probability
amplitude (2.5) is large; otherwise, for the case ϕ−Φ/√h = O(1/√h), it is exponentially
small. Therefore, Φ(x)/
√
h may be viewed as a classical component of the field.
The set of semiclassical states (2.5) may be treated as a bundle (”semiclassical bundle”
[16]), the base of the bundle is {X ≡ (S,Π(·),Φ(·))} - a set of classical states; the fibres
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FX = {f} are state spaces in given external fields X . The operator KhX : f 7→ Ψ is called
as a canonical operator.
3. A specific feature of the Hamiltonian approach to semiclassical field theory is that
ine can investigate also states of the more general form than (2.5). Namely, one can
consider superpositions of the form (cf.[17])
∫
dαKhX(α)f(α), α = (α1, ..., αk), (2.6)
which can be viewed as k-dimensional surfaces of the semiclassical bundle. Such super-
positions are useful in the soliton quantization theory due to the well-known problem of
zero modes of the solitons. In quantum mechanics, one can obtain [17] the WKB method
and all Maslov methods of [14, 15] from the wave packet method with the help of using
superpositon (2.6).
One can call the state KhXf as an ”elementary semiclassical state”, while superposition
(2.6) can be interpreted as a ”composed semiclassical state”.
It is necessary to investigate the following problems within the semiclassical theory:
- action of Poincare transformations Uhg (in particular, evolution) corresponding to
elements g of the Poincare group G;
- action of Heisenberg field operators ϕˆ(x);
- inner product of states (2.6).
4. It happens that the following commutation rules are satisfied as h→ 0:
UhgKhXf ≃ KhugXUg(ugX ← X)f ;√
hϕˆ(x)KhXf ≃ KhX [Φ(x|X) +
√
hφˆ(x|X)]f. (2.7)
Here ug : X 7→ ugX is a classical Poincare transformation, Φ(x|X) is a classical field
corresponding to the classical state X . Φ +
√
hφˆ may be viewed as a semiclassical field.
An explicit form of the semiclassical Poincare transformation Ug(ugX ← X) was
constructed in [12].
Important properties of classical and semiclassical fields for the model (2.1) may be
obtained from the Heisenberg equations
∂µ∂
µ
√
hϕˆ(x) + V ′(
√
hϕˆ(x)) = 0.
Making use of (2.7), one finds that
∂µ∂
µΦ(x|X) + V ′(Φ(x|X)) = 0;
∂µ∂
µφˆ(x|X) + V ′′(Φ(x|X))φˆ(x|X) = 0. (2.8)
3
Eqs. (2.8) should be completed by the initial conditions at t = 0:
Φ(x|X)|t=0 = Φ(x); Φ˙(x|X)|t=0 = Π(x);
φˆ(x|X)|t=0f [φ(·)] = φ(x)f [φ(·)]; ˙ˆφ(x|X)|t=0f [φ(·)] = 1i δδφ(x)f [φ(·)].
Investigate properties of Poincare transformations. Since operators Uhg should satisfy
the group identity
Uhg1g2 = Uhg1Uhg2 ,
it follows from relation (2.7) that
ug1g2 = ug1ug2;
Ug1g2(ug1g2X ← X) = Ug1(ug1g2X ← ug2X)Ug2(ug2X ← X). (2.9)
Properties (2.9) mean that the Poincare group acts on the semiclassical bundle as an
automorphism group.
For the Poincare transformation g = (a,Λ) of the form x′µ = Λµνx
ν + aµ, it follows
from Poincare invariance of the fields that
Uhg−1ϕˆ(x)Uhg = ϕˆ(wgx), wgx = Λ−1(x− a). (2.10)
therefore, one obtains Poincare invariance property of classical and semiclassical fiedls:
Φ(x|ugX) = Φ(wgx|X);
φˆ(x|ugX)Ug(ugX ← X) = Ug(ugX ← X)φˆ(wgx|X). (2.11)
5. Consider the inner product (Ψ,Ψ) for the composed semiclassical state Ψ (2.6).
One can calculate it as follows [13]: write it as
(Ψ,Ψ) =
∫
dαdα′(KhX(α)f(α), K
h
X(α′)f(α
′)), (2.12)
consider the substitution α′ = α +
√
hβ, expand the expression in
√
h. However, it is
necessary to write an expansion for the state Kh
X(α+β
√
h)
f(α + β
√
h) into a series in
√
h.
It can be obtained from the commutation rule between operators ih ∂
∂αa
and KhX(α):
ih
∂
∂αa
KhX(α)f ≃ KhX(α)
[
ωX(α)[
∂X
∂αa
]−
√
hΩX(α)[
∂X
∂αa
] + ...
]
f. (2.13)
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The c-number 1-form ωX [δX ] (’action form’) and the operator-valued 1-form ΩX [δX ]
(acting in FX) are important objects of the semiclassical theory. Their explicit form is
ωX [δX ] =
∫
dxΠ(x)δΦ(x)− δS;
ΩX [δX ]f [φ(·)] =
∫
dx[Π(x)φ(x)− Φ(x)1
i
δ
δφ(x)
]f [φ(·)]. (2.14)
It follows from the relation [ih ∂
∂αa
; ih ∂
∂αb
] = 0 that the commutator of operators Ω should
be a c-number:[
ΩX(α)[
∂X
∂αa
]; ΩX(α)[
∂X
∂αb
]
]
= −i
{
∂
∂αa
ωX(α)[
∂X
∂αb
]− ∂
∂αb
ωX(α)[
∂X
∂αa
]
}
. (2.15)
One can also write relation (2.15) in a shorter form. Namely, the c-number commutator
is related with the symplectic 2-form dω:
[ΩX [δX1]; ΩX [δX2]] = −idωX(δX1, δX2). (2.16)
Certainly, commutation relations (2.15) and (2.16) are satisfied for objects (2.14).
To find an explicit form of Kh
X(α+
√
hβ)
, set
Kh
X(α+
√
hβ)
= KhX(α)Vh(α, β).
One obtains the following equation on Vh(α, β):
∂
∂βa
Vh(α, β) ≃ − i√
h
Vh(α, β)(ω −
√
hΩ)X(α+
√
hβ)[
∂X
∂αa
(α +
√
hβ)]. (2.17)
Therefore, in the leading order in h one obtains that the operator Vh is a multiplicator by
a rapidly oscillating c-number
Vh(α, β) ∼ e−
i√
h
βaωX(α)[
∂X
∂αa
]
.
The inner product (2.12) is taken to the form
hk/2
∫
dαdβ(f(α), Vh(α, β)f(α+
√
hβ)). (2.18)
The integrand in (2.18) rapidly oscillates, so that the integral is exponentially small,
except for the special case
ωX(α)[
∂X
∂αa
] = 0. (2.19)
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Therefore, one should consider not any superposition (2.6) but superpositions obeying the
Maslov isotropic condition (2.19). Only for this case the composed semiclassical state is
not exponentially small.
If condition (2.19) is satisfied, one can solve eq.(2.17), provided that the commutation
relation (2.15) is obeyed. One has
Vh(α, β) ∼ eiβaΩX(α)[
∂X
∂αa
].
Therefore, for (Ψ,Ψ) one has
(Ψ,Ψ) ≃ hk/2
∫
dαdβ(f(α),
∏
a
{2piδ(ΩX [ ∂X
∂αa
])}f(α)). (2.20)
One can notice that it is necessary to multiply the composed state (2.6) by h−k/4 in order
to satisfy the normalization condition.
Combining commutation rules (2.7) and (2.13), one obtains new identities:
ωX [
∂X
∂αa
] = ωugX [
∂(ugX)
∂αa
];
Ug(ugX ← X)ΩX [ ∂X∂αa ] = ΩugX [
∂(ugX)
∂αa
]Ug(ugX ← X);
(2.21)
−i ∂
∂αa
Φ(x|X) = [φˆ(x|X); ΩX [ ∂X
∂αa
]]. (2.22)
The first identity means that the classical symplectic structure should be invariant un-
der Poincare transformations. The second equality is related with unitarity of Poincare
transformations for the composed states (2.20).
6. Therefore, all the problems of semiclassical field theory in the leading order can be
solved under the following conditions (”axioms of semiclassical theory”):
A1. A semiclassical bundle is given; space of the bundle is interpreted as a set of
semiclassical states; base X = {X} is a classical space; elements of fibres FX are quantum
states in a given classical external field X.
A2. The Poincare group G acts as an automorphism group on the semiclassical bundle;
group properties (2.9) are satisfied.
A3. Classical and semiclassical components of the field Φ(x|X) and φˆ(x|X) are given
for all X ∈ X . Φ(x|X) is a c-number classical field; φˆ(x|X) is an operator distribution
acting in FX . The property (2.11) of Poincare invariance of the field is satisfied.
A4. The differential 1-forms ω and Ω are given on X ; ωX [δX ] is a real c-number;
ΩX [δX ] is an operator acting in FX. The commutation relation (2.15) for Ω and proper-
ties (2.21), (2.22) for 1-forms, fields and Poincare transformations are satisfied.
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Therefore, one can say that a model of semiclassical field theory is given in the leading
order if the objects of axioms A1-A4 are specified and their properties are obeyed. For
the semiclassical problems, it is not important whether the ”exact” QFT model is well-
defined mathematically or not.
7. The formulated axioms and properties are not independent. It happens that one
can express the operator φˆ(x|X) via the 1-form Ω.
Introduce manifestly covariant notations. Let us identify elements X ∈ X with sets
(S,Φ(x)) (instead of (S,Π(x),Φ(x)), where Φ(x) is a solution of the Cauchy problem for
classical field equaton
∂µ∂
µΦ(x) + V ′(Φ(x)) = 0, Φ|t=0 = Φ(x), ∂
∂t
Φ|t=0 = Π(x).
Then elements δX of the tangent space should be identified with pairs (δS, δΦ(x)), with
δΦ(x) being a solution of variation equation
∂µ∂
µδΦ(x) + V ′′(Φ(x))δΦ(x) = 0. (2.23)
Then
ω[δX ] =
∫
x0=0
dx∂0Φ(x)δΦ(x)− δS.
Property (2.15) can be also taken to a manifestly covariant form:
[ΩΦ[δ1Φ]; ΩΦ[δ2Φ]] = −i
∫
x0=0 dx[δ1∂0Φδ2Φ− δ1Φδ2∂0Φ] =
−i ∫ dσµ[∂µδ1Φδ2Φ− δ1Φ∂µδ2Φ]. (2.24)
Let us construct the operator φˆ(y|X) ≡ φˆ(y|Φ) from the relation (2.22):
−iδΦ(y) = [φˆ(y|Φ),ΩΦ[δΦ]]. (2.25)
One can notice from eq.(2.24) that the operator function
φˆ(y|Φ) = ΩΦ[δΦ(y)] (2.26)
satisifes eq.(2.25), provided that δΦ
(y)
is a solution of eq.(2.23), such that the additional
conditions of the form
δΦ
(y)
x0=y0 = 0, δ∂0Φ
(y)
x0=y0 = δ(x− y).
7
are satisfied. One can also express δΦ
(y)
(x) via the retarded Green function for eq.(2.23):
[∂µ∂
µ + V ′′(Φ(x))]DretΦ (x, y) = δ(x, y);
DretΦ (x, y) = 0, x < y,
since
δΦ
(y)
(x) = DretΦ (x, y), x > y.
If the definition (2.26) is accepted, properties of Poincare invariance of fields are corol-
laries of properties of the operator Ω. The 1-forms seems then to be more important
objects of the semiclassical theory than fields.
8. Let us discuss now general specific features of semiclassical gauge field theories. It
happens that some of classical states may be gauge-equivalent: X1 ∼ X2 [19]. This means
that semiclassical states KhX1f1 and K
h
X2f2 approximately coincide as h→ 0
KhX1f1 ≃ KhX2f2 (2.27)
under condition
f2 = V (X2 ← X1)f1, X2 ∼ X1
for some unitary operator V (X2 ← X1). Let us investigate its properies. It is obvious
that
X1 ∼ X2, X2 ∼ X3 ⇒ X1 ∼ X3;
V (X3 ← X1) = V (X3 ← X2)V (X2 ← X1). (2.28)
Further, it follows from eq.(2.27) that UhgKhX1f1 ≃ UhgKhX2f2, so that
X1 ∼ X2 ⇒ ugX1 ∼ ugX2;
V (ugX2 ← ugX1)Ug(ugX1 ← X1) = Ug(ugX2 ← X2)V (X2 ← X1). (2.29)
If quantum field operators (such as vector potential) were well-defined for gauge theories,
the relation
√
hϕˆ(x)KhX1f1 ≃
√
hϕˆ(x)KhX2f2 would imply that
Φ(x|X2) = Φ(x|X1);
φˆ(x|X2)V (X2 ← X1) = V (X2 ← X1)φˆ(x|X1), X1 ∼ X2. (2.30)
Finally, let (Xi, fi) be α-dependent. Let us differentiate relation (2.27); ih
∂
∂αa
KhX1f1 ≃
ih ∂
∂αa
KhX2f2. One obtains
ωX1 [
∂X1
∂αa
] = ωX2[
∂X2
∂αa
];
V (X2 ← X1)ΩX1 [∂X1∂αa ] = ΩX2 [∂X2∂αa ]V (X2 ← X1), X1(α) ∼ X2(α).
(2.31)
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In particular, relations (2.31) imply that
ωX [δX ] = 0, ΩX [δX ] = 0 if X + δX ∼ X.
Therefore, for gauge theories an additional axiom of semiclassical theory (concerning
V (X2 ← X1)) should be formulated.
9. It happens that axioms A2 and A3 should be revised. Namely, classical states
ug1g2X and ug1ug2X may be equivalent but not equal. This means that property (2.9)
should be rewritten as
ug1g2X ∼ ug1ug2X,
Ug1g2(ug1g2X ← X) = V (ug1g2X ← ug1ug2X)Ug1(ug1ug2X ← ug2X)Ug2(ug2X ← X).
(2.32)
Axiom A3 also reqiure a revision since the vector potential Aµ(x) is not an observable.
It is more convenient to consider gauge-invariant observables
Oˆ = O[
√
hϕˆ(·)].
An analog of commutation rule (2.7) will be written as
OˆKhXf ≃ KhX [O(X) +
√
hΞO(X) + ...]f. (2.33)
We see that for gauge theories one should assign a c-number quantity O(X) and an
operator ΞO(X) to each gauge-invariant functional O[Φ(·)].
Note that for the scalar case
O(X) = O[Φ(·|X)]; ΞO(X) =
∫
dx
δO
δΦ(x)
φˆ(x|X). (2.34)
Investigate general properties of the infinitesimal objects. First of all, write the
Poincare invariance property
Uhg−1O[
√
hϕˆ(·)]Uhg = O[
√
hvgϕˆ(·)] = (vgO)[
√
hϕˆ(·)]. (2.35)
Here for scalar and vector fields
vgϕˆ(·) ≡ ϕˆ(wg·); vgAˆµ(·) ≡ Λµν Aˆν(wg·); wgx = Λ−1(x− a).
Making use of relation (2.33), one finds that
O(ugX) = (vgO)(X);
ΞO(ugX)Ug(ugX ← X) = Ug(ugX ← X)Ξ(vgO)(X). (2.36)
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Next, obtain an analog of relation (2.22). Let X = X(α). Apply the differential
operator ih ∂
∂αa
to relation (2.33). making use of eq.(2.13), one obtains
[(O +
√
hΞO + ...)(X); (ω −
√
hΩ+ ...)X [
∂X
∂αa
]] = ih
∂
∂αa
(O +
√
hΞO + ...)(X).
In the leading order in
√
h,
[(ΞO)(X),ΩX[
∂X
∂αa
]] = −i∂O(X)
∂αa
. (2.37)
Eq.(2.37) can be also rewritten in terms of differential forms:
[(ΞO)(X),ΩX[δX ]] = −idO(δX). (2.38)
The operator (ΞO)(X) can be expressed via ΩX . Namely, if it is looked for in the form
(ΞO)(X) = −ΩX [∇OX ], (2.39)
the comutation relation (2.38) will take the form
dω(·,∇OX) = dO. (2.40)
One should investigate the problem of solvability of eq.(2.40). It happens that the solution
∇OX of (2.40) is found up to a vector δX0 such that ωX [δX0] = 0. Therefore, the operator
ΩX [∇OX ] is well-defined.
To justify relation (2.39) up to a c-number, one should check that any operator com-
muting with all ΩX [δX ] is a c-number. This is a correct statement for electrodynamiics.
Finally, obtain an analog of eq.(2.30). Since OˆKhX1f1 ≃ OˆKhX2f2 under conditions
(2.27), one has
O(X2) = O(X1); ΞO(X2)V (X2 ← X1) = V (X2 ← X1)ΞO(X1), X1 ∼ X2. (2.41)
Thus, for gauge theories one should reformulate axioms A2, A3, A4 and formulate a new
axiom A5.
A2’. For each Poincare transformation g ∈ G, a transformation ug : X → X and an
unitary operator Ug(ugX ← X) : FX → FugX are given. The property (2.32) is satisfied.
A3’. Let O[Φ(·)] be a gauge-invariant classical functional of fields Φ. Then classical
and semiclassical components (O(X) and ΞO(X)) of the quantum observable are given
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for all X ∈ X . O(X) is a c-number classical observable, ΞO(X) is an operator in FX .
The property (2.36) of Poincare invariance of observables is satidfied.
A4’: eq.(2.22) should be substituted be eq.(2.37).
A5. An equivalence relation on the base X is given. For any pair classically equivalent
states X1 ∼ X2 an unitary operator V (X2 ← X1) : FX1 → FX2 is specified. It satisfies
properties (2.28), (2.29), (2.31) and (2.41).
Let us check now the expectations of this section for semiclassical gauge theories.
Scalar electrodynamics is a simple example of gauge theory. First, review the main
approaches to quantize the theory in Hamiltonian, Couloumb and Lorentz gauges. Then
the semiclassical approximation will be developed.
3 Quantization of scalar electrodynamics (Hamolto-
nian, Couloumb and Lorentz gauges)
There are different ways to quantize gauge theories. One can use the Dirac approach
[20] or the manifestly covariant BRST-BFV quantization [21, 22]. Let us review these
approaches for the scalar electrodynamics - a model specifying interaction of the complex
scalar field θ with electromagnetic field Aµ. To simplify notations, set (Aµ, θ, θ∗) ≡ ϕ.
3.1 Dirac quantization
1. One starts from the Lagrangian of the form
L = Dµθ∗Dµθ −m2θ∗θ − 1
4
FµνF
µν − 1
h
V (hθ∗θ). (3.1)
Here Fµν = ∂µAν − ∂νAµ, Dµ = ∂µ − i
√
hAµ is a covariant derivative (electric charge is
set to be
√
h for simplification of notations), Aµ is a vector potential, θ is a scalar field
of mass m, V is a self-interaction potential of the scalar field. The momenta canonically
conjugated to Aµ, θ and θ∗ are
Eµ =
∂L
∂A˙µ
= Fµ0, piθ =
∂L
∂θ˙∗
= D0θ, pi
∗
θ =
∂L
∂θ˙
= D0θ
∗,
so that E0 = 0. The Hamiltonian has the form
H =
∫
dx[H(x) + A0(x)Λx]
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with the Hamiltonian density
H(x) = 1
2
EkEk +
1
4
FijFij + pi
∗
θpiθ +Diθ
∗Diθ +m2θ∗θ +
1
h
V (hθ∗θ) (3.2)
and constraints
Λx = ∂kEk + i
√
h(pi∗θθ − piθθ∗). (3.3)
The A0-component of the vector potential appears to be a Lagrange multiplier.
2. Consider the quantum theory in the functional Schrodinger representation. States
of the system are specified as functionals Ψ[Ak(·), θ(·), θ∗(·)] ≡ Ψ[ϕ(·)]. The field oper-
ators ϕˆ(x) ≡ (Aˆk(x), θˆ(x), θˆ∗(·)) are multiplicators by Ak(x), θ(x) and θ∗(x), while the
momenta operators pˆi(x) ≡ (Eˆk(x), pˆiθ(x), pˆi∗θ(x)) are
Eˆk = −i δ
δAk(x)
, pˆiθ(x) = −i δ
δθ∗(x)
, pˆi∗θ(x) = −i
δ
δθ(x)
. (3.4)
The quantum operator Hˆ(x) corresponding to the classical Hamiltonian density H(x)
(3.2) is obtained from expression (3.2) by substituting classical variables by their quantum
analogs (3.4), while
Pˆ 0 =
∫
dxHˆ(x) (3.5)
is quantum Hamiltonian. The Schrodinger equation for the time-dependent states
Ψt[Ak(·), θ(·), θ∗(·)] reads
iΨ˙t = Pˆ 0Ψt. (3.6)
3. There are several ways to take the constraints into account.
In the original Dirac approach [20], physical states ΨtD satisfy not only equation (3.6)
but also the additional conditions
ΛˆxΨ
t
D = 0 (3.7)
The operators Λˆx are quantum analogs of constraints (3.3),
Λˆx = ∂k
1
i
δ
δAk(x)
+
√
h
(
θ(x)
δ
δθ(x)
− θ∗(x) δ
δθ∗(x)
)
. (3.8)
Since
[Λˆx; Pˆ0] = 0, (3.9)
condition (3.7) conserves under time evolution. The most difficult problem in the original
Dirac approach is to introduce an inner product.
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One can perform the Couloumb gauge quantization. The wave functionals ΨC are
considered on the surface
∂kA
k(x) = 0 (3.10)
only. They depend on Ak⊥, θ, θ
∗ then,
ΨC = ΨC [A⊥, θ, θ∗],
where
Ak⊥(x) = (δkl −
∂k∂l
∂2
)Al(x); (3.11)
so that
Ak(x) = (δkl − ∂k∂l
∂2
)Al⊥(x) + ∂kγ(x), γ(x) =
1
∂2
∂lA
l(x). (3.12)
The operators Aˆk(x) and Eˆk(x) should be rewritten in the Couloumb gauge in the fol-
lowing way. Since Ψ is viewed on the surface (3.10), one has Aˆk(x) = Ak⊥(x). One also
has
1
i
δ
δAk(x)
=
(
δkl − ∂k∂l
∂2
)
1
i
δ
δAl⊥(x)
− 1
∂2
∂l
1
i
δ
δγ(x)
,
provided that the continuation of ΨC for arbitrary A
k is given. If condition (3.7) is
satisfied, one has
[
δ
δγ(x)
+ i
√
h
(
θ(x)
δ
δθ(x)
− θ∗(x) δ
δθ∗(x)
)]
ΨC = 0.
Therefore, in the Couloumb gauge the field operators are
Eˆ
(C)
k =
(
δkl − ∂k∂l∂2
)
1
i
δ
δAl⊥(x)
−√h 1
∂2
∂k
(
θ(x) δ
δθ(x)
− θ∗(x) δ
δθ∗(x)
)
;
Aˆk(x) = Ak⊥(x).
(3.13)
The quantum Hamiltonian density Hˆ(x) is obtained from expression (3.2) by substituting
classical variables by quantum analogs (3.13), while quantum Hamiltonian is of the form
(3.5). The inner product in the Couloumb gauge is
< ΨC |ΨC >=
∫
DA⊥Dθ∗Dθ|ΨC[A⊥, θ, θ∗]|2. (3.14)
4. An alternative way to quantize gauge theories is to use the refined algebraic quanti-
zation approach [23]. States will be denoted as ΨH (”Hamiltonian gauge”). It is the most
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suitable quantization for semiclassical approximation. Instead of imposing the constraints
on physical states, one modifies the inner product of the theory [24],
< ΨH ,ΨH >= (ΨH ,
∏
x δ(Λˆx)ΨH) =∫
DADθDθ∗(ΨH [A, θ, θ∗])∗
∏
x δ(Λx)ΨH [A, θ, θ
∗].
(3.15)
Because of eq.(3.9), the inner product (3.15) is invariant under time evolution.
Note that the inner product (3.15) is degenerate. For example, states of the form∫
dxα(x)ΛˆxY ; (exp(
i√
h
∫
dxα(x)Λˆx)− 1)Y (3.16)
are of zero norm. Thus, we should say that state functionals ΨH and Ψ
′
H are equivalent
if their difference is of zero norm,
ΨH ∼ Ψ′H ≡< ΨH −Ψ′H ,ΨH −Ψ′H >= 0.
The corresponding factorspace is viewed as a physical state space. Thus, quantum states
ΨH ∼ exp( i√
h
∫
dxα(x)Λˆx)ΨH (3.17)
may be viewed as gauge equivalent.
Relationship between states ΨH and Ψ in the Dirac and refined algebraic quantization
approaches is as follows (cf. [25]),
ΨD =
∏
x
δ(Λˆx)ΨH . (3.18)
We notice that condition (3.7) is automatically satisfied, while equivalent ΨH-states give
the same Ψ-state.
An explicit form of the operator
∏
x δ(Λˆx) can be written via the following functional
integral, ∏
x
δ(Λˆx) =
∫
Dα exp[− i√
h
∫
dxα(x)Λˆx]. (3.19)
One also has
exp[− iτ√
h
∫
dxα(x)Λx]ΨH [A
k(·), θ(·), θ∗(·)] =
ΨH [A
k(·) + τ√
h
∂kα(·), θ(·)e−iτα(·), θ∗(·)eiτα(·)],
since both left-hand and right-hand sides of this relation obey the same equation
i
√
h
∂ΨτH
∂τ
=
∫
dxα(x)ΛˆxΨ
τ
H
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and initial condition. We see that operator (3.19) generates a gauge transformation on
the configuration field space. Therefore, formulas (3.15), (3.18) can be written as
(ΨH ,ΨH) =
∫
DADθ∗DθDαΨ∗H [A, θ, θ
∗]ΨH [A +
1√
h
∂α, θe−iα, θ∗eiα]; (3.20)
ΨD[A, θ, θ
∗] =
∫
DαΨH[A +
1√
h
∂α, θe−iα, θ∗eiα]. (3.21)
Let us perform the linear change of variables (3.12) and consider the functional
ΨD[A⊥, γ, θ, θ∗]. Then the obtained formulas will be taken to the form
ΨD[A⊥, γ, θ, θ∗] =
∫
DαΨH [A⊥, γ + 1√hα, θe
−iα, θ∗eiα];
< ΨH |ΨH >=
∫
DA⊥DγDθ∗DθDαΨ∗H[A⊥, γ, θ
∗, θ]ΨH [A⊥, γ + 1√hα, θe
−iα, θ∗eiα] =∫
DA⊥Dθ∗Dθ|Ψ[A⊥, 0, θ, θ∗]|2.
Formula (3.14) is then justified.
5. Any Poincare transformation (a,Λ),
xµ′ = Λµνx
ν + aµ
is a composition of time and space translations, boost and spatial rotations,
(a,Λ) = (a0, 1)(a, 1)(0, exp(αkl0k))(0, exp(
1
2
θsml
sm)) (3.22)
with θsm = −θms,
(lλµ)αβ = −gλαδµβ + gµαδλβ .
The operator Uˆha,Λ of the quantum Poincare transformation is
Uˆha,Λ = exp[iPˆ 0a0] exp[−iPˆ jaj] exp[iαkMˆ0k] exp[
i
2
Mˆ lmθlm]. (3.23)
The operator Pˆ 0 has been already defined (formula (3.5)), while
Pˆ l =
∫
dxPˆ l(x); Mˆk0 = ∫ dxxkHˆ(x);
Mˆkl =
∫
dx[xkPˆ l(x)− xlPˆk(x) + EˆlAˆk − EˆkAˆl]. (3.24)
Here the operators Hˆ(x), Pˆ l(x), Eˆl, Aˆl are obtained from eq.(3.2) and expression
P l = −∂lθpi∗ − ∂lθ∗pi − ∂lAsEs
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by substituting classical variables by their quantum analogs, eqs.(3.4) and (3.13) for
Hamiltonian and Couloumb gauges correspondingly.
Since Poincare generators commute with constraints on the constraint surface, condi-
tion (3.7), inner product (3.15) conserve under Poincare transformations. The Poincare
algebra infinitesimal relations
[Pˆ λ, Pˆ µ] = 0,
[
Mˆλµ, Pˆ σ
]
= i(gµσPˆ λ − gλσPˆ µ);[
Mˆλµ, Mˆρσ
]
= −i(gλρMˆµσ − gλσMˆµρ + gµσMˆλρ − gµρMˆλσ) (3.25)
are satisfied on the constraint surface. This implies that the operators Uˆha,Λ indeed form
a representation of the Poincare group.
3.2 The Gupta-Bleuler (BRST-BFV) approach
The manifestly covariant quantization technique [21, 22] (quantization in Lorentz gauge)
of electrodynamics is as follows (see, for example, [26]). States are specified as functionals
ΨL[A
0(·), Ak(·), θ(·), θ∗(·)]. (3.26)
An indefinite inner product is introduced:
< ΨL,ΨL >=∫
DAkDλDθDθ∗(ΨL[Ak(·),−iλ(·), θ(·), θ∗(·)])∗ΨL[Ak(·), iλ(·), θ(·), θ∗(·)] (3.27)
The Gupta-Bleuler constraint condition is imposed on physical states:
[
1
i
δ
δA0(x)
− i√−∆Λx]ΨL = 0. (3.28)
Moreover, states
ΨL ∼ ΨL +
∫
dxβ(x)[
1
i
δ
δA0(x)
+
i√−∆Λx]YL (3.29)
are set to be equivalent. Definition of equivalence realtion (3.29) is reasonable since state∫
dxβ(x)[1
i
δ
δA0(x)
+ i√−∆Λx]YL is orthogonal to any physical state.
One can notice that this approach is equivalent to the Dirac approach. Condition
(3.28) implies that
ΨL[A
k(·), A0(·), θ(·), θ∗(·)] = exp[−
∫
dxA0(x)
1√−∆Λx]ΨH [A
k(·), θ(·), θ∗(·)]. (3.30)
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The inner product (3.27) will be rewritten then as
∫
DAkDθDθ∗Ψ∗H [A
k(·), θ(·), θ∗(·)]
∫
Dλe
−2i
∫
dxλx
1√−∆ΛxΨH [A
k(·), θ(·), θ∗(·)]
We come to formula (3.15) up to a field-independent normalizing factor.
The Poincare generators are given by formulas (3.5), (3.24) with
HˆL = Hˆ + Aˆ0Λˆx − ξ2Eˆ20 + Aˆk∂kEˆ0,
Pˆ lL = Pˆ l − ∂lAˆ0Eˆ0.
Here Hˆ and Pˆ l are Hamiltonian and momenta densities for the Hamiltonian gauge,
Eˆ0(x) =
1
i
δ
δA0(x)
, ξ is a real parameter. The algebraic properties (3.25) are satisfied ex-
actly (not only on the constraint surface). Making use of eq.(3.30), we find that equations
of motion for Lorentz and Hamiltonian gauges are in agreement.
4 Semiclassical states
In section 2 we considered ”elementary” semiclassical states (2.5) and their superpositions
(2.6) for scalar field models. Let us now write their analogs for the scalar electrodynamics
in Hamiltonian, Couloumb and Lorentz gauges and investigate their properties.
4.1 Semiclassical states in refined algebraic quantization ap-
proaches (Hamiltonian gauge)
Consider state (2.5) in Hamiltonian gauge
ΨH [ϕ(·)] = e ihSe ih
∫
dxΠ(x)(ϕ(x)
√
h−Φ(x))g[ϕ(·)− Φ(·)√
h
] ≡ KhXg[ϕ(·)]. (4.1)
For the simplicity, the following notations are introduced:
ϕ ≡ (Ak, θ, θ∗), Φ ≡ (Ak,Θ,Θ∗), Π ≡ (Ek,Πtheta,Π∗θ);
ϕ is field configuration, Φ are classical fields, Π are classical momenta; for integrals, the
followig simplification is used:∫
dxΠΦ ≡
∫
dx[EkAk +ΠθΘ∗ +Π∗θΘ];
∫
dxΠϕ ≡
∫
dx[EkAk +Πθθ∗ +Π∗θθ].
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Introduce a special notation for a gauge rransformation in the configuration space:
ναϕ ≡ να(A, θ, θ∗) = (A+ 1√
h
∂α, θe−iα, θ∗eiα).
Then, the inner product (3.20) will be written as
(ΨH ,ΨH) =
∫
DαDϕe
i√
h
∫
dxΠ(x)(ναϕ(x)−ϕ(x))g∗[ϕ− Φ√
h
]g[ναϕ− Φ√
h
] (4.2)
Here the integration measure
Dϕ ≡ DADθ∗Dθ.
Notice that quantities g and g∗ entering to expression (4.2) are not exponentially small
only if
ϕ− Φ√
h
∼ O(1), ναϕ− Φ√
h
∼ O(1).
Therefore, ναϕ−ϕ ∼ O(1) and α ∼
√
h. Only functions α of such order give a significant
contribution to the integral (4.2). To calculate the inner product as h → 0, perform a
substitution
α =
√
hβ, ϕ− Φ√
h
= φ ≡ (ak, ϑ, ϑ∗).
Then the expresiion (4.2) will be taken to the form
(ΨH ,ΨH) =
∫
DβDφe
i√
h
∫
dxΠ(x)(ν
β
√
h
( Φ√
h
+φ)(x)−( Φ√
h
+φ)(x))
g∗[φ]g[νβ
√
h(
Φ√
h
+ φ)− Φ√
h
]
(4.3)
Let us evaluate the expressions entering to the inner product (4.3). One has
νβ
√
h(
Φ√
h
+ φ) = νβ
√
h
(
A√
h
+ a, Θ√
h
+ ϑ, Θ
∗√
h
+ ϑ∗
)
=
(
A√
h
+ a+ ∂β,
[
Θ√
h
+ ϑ
]
e−iβ
√
h,
[
Θ∗√
h
+ ϑ∗
]
eiβ
√
h
)
Therefore,
νβ
√
h(
Φ√
h
+ φ)− ( Φ√
h
+ φ) =
(
∂β,
[
Θ√
h
+ ϑ
]
(e−iβ
√
h − 1),
[
Θ∗√
h
+ ϑ∗
]
(eiβ
√
h − 1)
)
,
so that ∫
dxΠ[νβ
√
h(
Φ√
h
+ φ)− ( Φ√
h
+ φ)] =∫
dx
{
Ek∂kβ +Π∗θ
[
Θ√
h
+ ϑ
]
(e−iβ
√
h − 1) + Πθ
[
Θ∗√
h
+ ϑ∗
]
(eiβ
√
h − 1)
}
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Notice that the integrand in (4.3) is a product of a slowly varying and damping at the
infinity functional by the rapidly oscillatng exponent
exp
{
− i√
h
∫
dxβ(x)(∂kEk + i(Π∗θΘ−ΠθΘ∗))
}
.
Therefore, the integral will be exponentially small, except for the case
Λx ≡ ∂kEk + i(Π∗θΘ−ΠθΘ∗) = 0. (4.4)
An analogous fact was discovered in section 2: it was found that the ”composed state”
(2.6) is exponentially small if the Maslov isotropic condition is not satisfied. Now we see
that for constrained systems additional conditions arise even for wave packet states (4.1).
Under condition (4.4), one can simplify expression (4.3) as h→ 0. One should write
g
[
νβ
√
h(
Φ√
h
+ φ)− ( Φ√
h
+ φ)
]
≃ g(a+ ∂β, ϑ− iβΘ, ϑ∗ + iβΘ∗) =
e
∫
dx[∂β δ
δa
−iβΘ δ
δϑ
+iβΘ∗ δ
δϑ∗ ]g(a, ϑ, ϑ∗),
use the Baker-Hausdorff formula for exponents and obtain that
(ΨH ,ΨH) =
∫
Dφg∗[φ]
∫
Dβe−i
∫
dxβ(x)(ΞΛx)g[φ] = (g,
∏
x
δ(ΞΛx)g), (4.5)
where
ΞΛx ≡ −i∂k δ
δak
+ iΠ∗θϑ+Θ
δ
δϑ
− iΠθϑ∗ −Θ∗ δ
δϑ∗
(4.6)
be a linearized constraint (4.4). Since
[ΞΛx,ΞΛy] = 0,
there are no operator ordering problems in (4.5).
Thus, there are the following new features of semiclassical electrodynamics due to
gauge symmetry.
First, not any classical configuration X = (S,Π,Φ) can be chosen: the classical con-
straint condition (4.4) should be satisfied; otherwise, state KhXf will have zero norm.
Therefore, the base of the semiclassical bundle (classical state space) is a ”curved” con-
straint surface in the flat space.
Next, the inner products in fibres FX is X-dependent since the linearized constraints
ΞΛx (4.6) depend on X . The degenerate inner product (4.5) resembles (2.20). One should
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consider usual procedures of factorization and completefication of a pre-Hilbert space with
inner product (4.5).
The 1-forms ω and Ω have standard forms:
ωX [δX ] =
∫
dxΠ(x)δΦ(x)− δS;
ΩX [δX ] =
∫
dx
[
δΠ(x)φ(x)− δΦ(x)1
i
δ
δφ(x)
]
.
(4.7)
The commutation relations (2.15) are satisfied.
It is necessary to check that the operator ΩX [δX ] conserves the equivalence property;
it should take zero-norm states to zero-norm states. To justify this property, one should
prove that
[ΞΛx; ΩX [δX ]] = 0. (4.8)
Notice that ∫
dxβ(x)ΞΛx ≡ −ΞΛ[β] = −ΩX [∇Λ[β]X ],
where the infinitesimal vector ∇Λ[β]X ≡ (∇Λ[β]S = 0,∇Λ[β]Π,∇Λ[β]Φ) has the form of
infinitesimal gauge transformation:
∇Λ[β]Ek = 0, ∇Λ[β]Πθ = iβΠθ, ∇Λ[β]Π∗θ = −iβΠ∗θ,
∇Λ[β]Ak = −∂kβ; ∇Λ[β]Θ = iβΘ, ∇Λ[β]Θ∗ = −iβΘ∗ (4.9)
It follows from eq.(2.16) and formula for dωX that
[ΞΛ[β]; ΩX [δX ]] = idωX(∇Λ[β]X ; δX) = −idΛ[β](δX)
with
Λ[β] ≡
∫
dxβ(x)Λx. (4.10)
Notice that X and X + δX should both satisfy the additional condition (4.4) Λ[β] = 0;
therefore, quantity (4.10) vanishes.
Let us investigate properties of the 1-form Ω. First of all, notice that
ΩX [∇Λ[β]X ]g = −
∫
dxβ(x)ΞΛxg ∼ 0 (4.11)
for all g since state (4.11) is orthogonal to all states because of relation ΞΛx
∏
y δ(ΞΛy) = 0.
It also happens that the inverse statement is also valid:
ΩX [δX ] ∼ 0 ⇒ δX = (δS, δΠ = ∇Λ[β]Π, δΦ = ∇Λ[β]Φ). (4.12)
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To check implication (4.12), notice that ΩX [δX ] ∼ 0 implies that [ΩX [δX ]; ΩX [δX ′]] = 0
for all infinitesimal δX ′, i.e.
dωX(δX, δX
′) =
∫
dx(δEkδAk′ + δΠθδΘ∗′ + δΠ∗θδΘ′ − δAkδE ′k − δΘδΠ∗θ ′ − δΘ∗δΠ′θ) = 0
(4.13)
for δX ′ satisfying the constraint relation
∂kδE ′k + iδ(Π∗θ ′ − Π′θΘ∗′) = 0. (4.14)
Relation (4.13) implies that δEk = 0, δAk⊥ = 0 since δAk′ and δE ′k⊥ may be arbitrary.
Therefore, δAk = −∂kβ; making use of (4.14), we check statement (4.12).
For the following sections, it will be necessary to solve the equation
dωX(δX, δX
′) = κ(δX ′), δX−? (4.15)
where κ is a given 1-form. It happens that problem (4.15) has a solution iff
κ(∇Λ[β]X) = 0. (4.16)
Namely, implication (4.15) → (4.16) is evident. To check implication (4.16) → (4.15),
notice that a general form of κ can be written as
κ(δX ′) =
∫
dx(δEkδAk′ + δΠθδΘ∗′ + δΠ∗θδΘ′ − δAkδE ′k − δΘδΠ∗θ ′ − δΘ∗δΠ′θ) = 0
For δX = (δS, δEk, δΠθ, δΠ∗θ, δAk, δΘ, δΘ∗), eq.(4.16) implies that dΛ[β](δX) = 0. Thus,
(4.15) ≡ (4.16). Note that the solution of problem (4.15) is not unique: one can add to
δX vector (δS, δΠ = ∇Λ[β]Π, δΦ = ∇Λ[β]Φ).
4.2 Dirac semiclassical states. Couloumb gauge
Let us rewrite state (4.1) in the Dirac approach. Making use of relation (3.21), one finds:
ΨD[ϕ(·)] =
∫
Dαe
i
h
Se
i√
h
∫
dxΠ(ναϕ− Φ√
h
)
g[ναϕ− Φ√
h
]. (4.17)
Integral (4.17) is not exponentially small only if ναϕ− Φ/
√
h ∼ O(1) for some α, i.e.
ak = Ak − A
k − ∂kα√
h
∼ O(1), ϑ = θe−iα − Θ√
h
∼ O(1). (4.18)
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Denote φ ≡ (ak, ϑ, ϑ∗) and perform a substitution α = α +√hβ. One has:
να+
√
hβϕ =
( A√
h
+ a+ ∂β,
(
Θ√
h
+ ϑ
)
e−i
√
hβ,
(
Θ∗√
h
+ ϑ∗
)
ei
√
hβ
)
and ∫
dxΠ(ναϕ− Φ√h) =∫
dx[Ek(ak + ∂kβ) + Π∗θ Θ√h(e−iβ
√
h − 1) + Πθ Θ∗√h(eiβ
√
h − 1) + Π∗θϑe−iβ
√
h +Πθϑ
∗eiβ
√
h]
Under condition (4.4), one finds analogously to the previous subsection that
ΨD[ϕ(·)] = e ihSe
i√
h
∫
dxΠ(x)φ(x)
f [φ(·)];
f [φ(·)] = ∏x δ(Ξλx)g[φ(·)]. (4.19)
For the Couloumb-gauge quantization, we are interested only in values of the Dirac func-
tional ΨD on the surface ∂kAk = 0. Therefore, the gauge function α should be chosen in
such a way that ∂k(Ak − ∂kα) = 0.
Without loss of generality, one can specify classical states by sets X =
(S, E⊥k ,Ak⊥,Θ,Πθ). Then the semiclassical state (4.1) will be written as
ΨC [ϕ⊥(·)] = e ihSe ih
∫
dxΠ⊥(x)(ϕ⊥(x)
√
h−Φ⊥(x)f [ϕ⊥(·)− Φ⊥(·)√h ];
here
ϕ⊥ ≡ (Ak⊥, θ, θ∗), Φ⊥ ≡ (Ak⊥,Θ,Θ∗), Π⊥ ≡ (E⊥k ,Πθ,Π∗θ).
One has
(ΨC ,ΨC) =
∫
Dφ⊥|f [φ⊥]|2 (4.20)
for the inner product. It is possible to check that eqs.(4.5), (4.19) and (4.20) indeed do
not contradict each other.
The 1-forms are written analogously to (4.7):
ωX [δX ] =
∫
dxΠ⊥(x)δΦ⊥(x)− δS;
ΩX [δX ] =
∫
dx[δΠ⊥(x)φ⊥(x)− δΦ⊥(x)1i δδφ⊥(x) .
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4.3 Semiclassical states in the Gupta-Bleuler approach (Lorentz
gauge)
Consider the semiclassical states in the Gupta-Bleuler approach. Let A0(x) be some field
configuration. Under condition
A0(x)− A
0(x)√
h
≡ a0(x) ∼ O(1),
suppose the Gupta-Bleuler state ΨL be as follows
ΨL[ϕL(·)] = e ihSe ih
∫
dxΠL(x)(ϕL(x)
√
h−ΦL(x))v[ϕL − ΦL√
h
].
Here
ϕL ≡ (A0, Ak, θ, θ∗), ΦL = (A0,Ak,Θ,Θ∗), ΠL = (E0, Ek,Πθ,Π∗θ).
The values of ΨL for arbitrary A
0 can be reconstructed from the Gupta-Bleuler condition
(3.28). The inner product has the following form:
(ΨL,ΨL) =
∫
DλDakDϑDϑ∗(v(−iλ, a, ϑ, ϑ∗))∗v(iλ, a, ϑ, ϑ∗). (4.21)
Condition (3.28) implies property (4.4), relation E0 = 0 and(
1
i
δ
δa0(x)
− i√−∆ΞΛx
)
v(a0, ak, ϑ, ϑ∗) = 0. (4.22)
Consider the equivalence transformation (3.29) in the semiclassical theory. For YL = K
h
Xζ ,
one finds that
v ∼ v +
∫
dxβ(x)
(
1
i
δ
δa0(x)
+
i√−∆ΞΛx
)
ζ.
It follows from eq.(4.22) that
v(a0, ak, ϑ, ϑ∗) = e−
∫
dxa0(x) 1√−∆ΞΛxg[ak, ϑ, ϑ∗]
with
g[ak, ϑ, ϑ∗] = v[0, ak, ϑ, ϑ∗].
The inner product (4.21) is then in agreement with (4.5).
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The 1-forms ω and Ω have the standard forms:
ωX [δX ] =
∫
dxΠL(x)δΦL(x)− δS;
ΩX [δX ] =
∫
dx
[
δΠL(x)φL(x)− δΦL(x)1i δδφL(x)
]
One should check that the operators ΩX [δX ] conserve the additional condition (4.22). It
is sufficient to justify that[
1
i
δ
δa0(x)
; ΩX [δX ]
]
= 0, [ΞΛ[β]; ΩX [δX ]] = 0.
The first property means that δE0 = 0, the second is checked analogously to (4.8).
4.4 Comparison of different gauges
Let us compare semiclassical electrodynamics in different gauges (see table 1).
An important specific feature of gauge theories is that the operator 1-form ΩX [δX ]
may be zero for some δX not of the trivial form δS 6= 0, δΠ = 0, δΦ = 0. All ”zero modes”
of the 1-form are presented in table 1. Check of properties of zero operators ΩX [δX ] for
the Lorentz gauge case is analogous to the Hamiltonian gauge case.
Analogously to the scalar theories, one can check that any operator commuting with
all ΩX [δX ] is a multiplicator by a c-number constant. For the Couloumb gauge, with no
gauge freedom, it is evident; other gauges are equivalent to it.
5 Semiclassical observables and transformations
Field operators are important objects of quantum field theory. However, for gauge theories
fields Aˆµ(x), θˆ(x) are not physical observables. Therefore, the more complicated gauge-
invariant combinations of fields should be viewed as observables.
In classical mechanics, observables may be introduced in different ways. First, one
can say that states of a classical system are specified by points of the phase space and an
observable is given if its value in any state is specified. Observables then are viewed as
real functions on the phase space.
Alternatively, any observable may be also viewed as a classical Hamiltonian generating
an evolution transformation group. Thus, one can say that an observable is specified if a
one-parametric group of symplectic transformation is given.
Analogously, quantum observables may be specified by Hermitian operators, as well
as by unitary evolution groups.
24
Table 1: Semiclassical bundle for different gauges
Base X of
the semiclas-
sical bundle
Hamiltonian gauge: Set of all (S, Ek(x),Ak(x),Πθ(x),Θ(x)) such that ∂kEk + i(Π∗θΘ −
ΠθΘ
∗) = 0
Couloumb gauge: Set of all (S, E⊥k (x),Ak⊥(x))
Lorentz gauge: Set of all (S, E0(x), Ek(x),A0(x),Ak(x),Πθ(x),Θ(x)) such that E0 = 0
and ∂kEk + i(Π∗θΘ−ΠθΘ∗) = 0
A fibre FX ,
X ∈ X Hamiltonian gauge: Space of functionals
g[ak, ϑ, ϑ∗] with inner product
∫
DakDϑDϑ∗g∗
∏
x
δ(ΞΛx)g. The space should be
factorized and completed.
Couloumb gauge: Space of functionals f [ak⊥, ϑ, ϑ
∗] with inner product
∫
Dak⊥DϑDϑ
∗f∗f .
Lorentz gauge: Space of functionals
v[a0, ak, ϑ, ϑ∗] with inner product
∫
DλDakDϑDϑ∗(v(−iλ, a, ϑ, ϑ∗))∗v(iλ, a, ϑ, ϑ∗).
An additional condition
(
1
i
δ
δa0(x) − i√−∆ΞΛx
)
v(a0, ak, ϑ, ϑ∗) = 0 is imposed; states
v ∼ v + ∫ dx( 1
i
δ
δa0(x) +
i√−∆ΞΛx
)
ζ are set to be equivalent.
Correspon-
dence be-
tween gauges
Hamiltonian and Couloumb gauges: f =
∏
x
δ(ΞΛx)g
Hamiltonian and Lorentz gauges: v(a0, ak, ϑ, ϑ∗) = e
−
∫
dxa0(x) 1√
−∆
ΞΛx
g[ak, ϑ, ϑ∗]
1-form ω
Hamiltonian gauge: ωX [δX ] =
∫
dx[EkδAk +ΠθδΘ∗ +Π∗θδΘ]− δS
Couloumb gauge: ωX [δX ] =
∫
dx[E⊥k δAk⊥ +ΠθδΘ∗ +Π∗θδΘ]− δS
Lorentz gauge: ωX [δX ] =
∫
dx[EkδAk +ΠθδΘ∗ +Π∗θδΘ]− δS
1-form Ω
Hamiltonian gauge: ΩX [δX ] =
∫
dx[δEkak + δΠθϑ∗ + δΠ∗θϑ − δAk 1i δδak − δΘ 1i δδϑ −
δΘ∗ 1
i
δ
δϑ∗
]
Couloumb gauge: ΩX [δX ] =
∫
dx[δE⊥k ak⊥+δΠθϑ∗+δΠ∗θϑ−δAk⊥ 1i δδak
⊥
−δΘ 1
i
δ
δϑ
−δΘ∗ 1
i
δ
δϑ∗
]
Lorentz gauge: ΩX [δX ] =
∫
dx[δEkak + δΠθϑ∗+ δΠ∗θϑ− δA0 1i δδa0 − δAk 1i δδak − δΘ 1i δδϑ −
δΘ∗ 1
i
δ
δϑ∗
]
Zero opera-
tors
ΩX [δX ] ∼ 0
all gauges: δX = (δS, δΠ = 0, δΦ = 0)
Hamiltonian and Lorentz gauges: δX = ∇Λ[β]X ; this means that ∇Λ[β]Ek = 0,
∇Λ[β]Πθ = iβΠθ, ∇Λ[β]Π∗θ = −iβΠ∗θ, ∇Λ[β]Ak = −∂kβ; ∇Λ[β]Θ = iβΘ, ∇Λ[β]Θ∗ =
−iβΘ∗
Lorentz gauge: δX = ∇E0[κ]X : this means that ∇E0[κ]A0 = β, other variations are zero.
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These conceptions may be considered in the semiclassical theory as well. Subsection
5.1 deals with semiclassical investigation of observables viewed as Hermitian operators.
Subsection 5.2 is devoted to semiclassical analysis of evolution generated by semiclassical
observables. Examples are gauge and Poincare transformations (subsections 5.3 and 5.4).
Heisenberg fields are very important objects of quantum field theory. Their semiclas-
sical analogs are investigated in subsection 5.5.
Gauge equivalence relation should conserve under Poincare transformations: gauge
equivalent semiclassical states should be taken to gauge equivalent. This property is
discussed in subsection 5.6.
To check Poincare group relation (2.32), it is convenient to reduce it to its infinitesimal
Lie algebra analog. This problem is considered in subsection 5.7.
5.1 Semiclassical observables
First of all consider the observables in the Hamiltonian approach. Suppose them to depend
on the small parameter
√
h, fields ϕˆ = (Aˆµ, θˆ, θˆ∗) and momenta pˆi = (Eˆµ, pˆiθ, pˆi∗θ) as
Oˆh = O(
√
hϕˆ,
√
hpˆi). (5.1)
Operators (5.1) will be called semiclassical. It is supposed in qunatum field theory that
expression (5.1) is well-defined iff O(Φ,Π) is a gauge-invariant functional: it should not
change under transformation
Θ→ Θe−iα, Πθ → Πθe−iα, Ak → Ak + ∂kα, A0 → A0 + κ.
Apply the semiclassical operator (5.1) to the semiclassical state KhXf . The general struc-
ture of the commutation rule is aas follows
OˆhKhXf = K
h
X(O(X) +
√
h(ΞO)(X) +
h
2
(Ξ2O)(X) + ...)f. (5.2)
For different gauges, explicit forms of the operators ΞnO (for example, ΞO) are presented
in table 2.
One can take the operator ΞO to the canonical form (2.39). The tangent vectors ∇OX
to the base of the semiclassical bundle are also calculated in table 2 for different gauges
(∇OX appears to be a tangent vector, provided that the gauge invariance conditions
are satisfied). Since the operaotrs ΩX [∇OX ] are well-defined according to the previous
section, the operator ΞO(X) also takes zero-norm states to zero-norm states and conserves
the linearized Gupta-Bleuler condition (4.22).
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Table 2: Semiclassical observables for different gauges
Operators
ΞnO(X) Hamiltonian gauge:
(ΞnHO)(X) =
∂n
∂
√
h
n |h=0O(Ak +
√
hak, Ek +
√
h
i
δ
δak
,
Θ+
√
hϑ,Θ∗ +
√
hϑ∗,Πθ +
√
h
i
δ
δϑ∗
,Π∗θ +
√
h
i
δ
δϑ
)
Couloumb gauge:
(ΞnCO)(X) =
∂n
∂
√
h
n |h=0O(Ak⊥ +
√
hak⊥, Ek +
√
hεˆk − h i∂2 ∂k(ϑ 1i δδϑ − ϕ∗ 1i δδϑ∗ ),
Θ+
√
hϑ,Θ∗ +
√
hϑ∗,Πθ +
√
h
i
δ
δϑ∗
,Π∗θ +
√
h
i
δ
δϑ
),
Ek = (δkl − ∂k∂l∂2 )E⊥k − 1∂2 ∂ki(Π∗θΘ−ΠθΘ∗);
εˆk = (δkl − ∂k∂l∂2 )1i δδal
⊥
− 1
∂2
∂k(iΠ
∗
θϑ+Θ
δ
δϑ
− iΠθϑ∗ −Θ∗ δδϑ∗ )
Lorentz gauge:
(ΞnLO)(X) =
∂n
∂
√
h
n |h=0O(Ak +
√
hak, Ek +
√
h
i
δ
δak
,A0 +
√
ha0,
√
h
i
δ
δa0
,
Θ+
√
hϑ,Θ∗ +
√
hϑ∗,Πθ +
√
h
i
δ
δϑ∗
,Π∗θ +
√
h
i
δ
δϑ
).
Partial case:
ΞO(X)
Hamiltonian gauge: ΞHO =
∫
dx( δO
δAk(x)a
k(x) + δO
δEk(x)
1
i
δ
δak(x)
+ δO
δΘ(x)ϑ(x) +
δO
δΘ∗(x)ϑ
∗(x) + δO
δΠθ(x)
1
i
δ
δϑ∗(x) +
δO
δΠ∗
θ
(x)
1
i
δ
δϑ(x))
Couloumb gauge: ΞCO = ΞHO −
∫
dx
(
δO
δAk(x)
1
∂2
∂kΞH∂lAl(x) + δOδEk(x) 1∂2 ∂kΞHΛx
)
Lorentz gauge: ΞLO = ΞHO +
∫
dx
(
δO
δA0(x)a
0(x) + δO
δE0(x)
1
i
δ
δa0(x)
)
ΞO(X) =
−Ω[∇OX ];
form of
∇OX
Hamiltonian gauge: ∇OAk = δOδEk ; ∇OEk = −
δO
δAk ; ∇OΘ = δOδΠ∗
θ
; ∇OΠθ = − δOδΘ∗ ;
∇OΘ∗ = δOδΠθ ; ∇OΠ∗θ = −
δO
δΘ .
Couloumb gauge: ∇OAk = δOδEk − ∂k 1∂2 ∂l δOδEl ; ∇OE⊥k = − δOδAk ; ∇OΘ = δOδΠ∗θ + iΘ
1
∂2
∂l
δO
δEl ;
∇OΠθ = − δOδΘ∗ +iΠθ 1∂2 ∂l δOδEl ; ∇OΘ∗ = δOδΠθ −iΘ∗ 1∂2 ∂l δOδEl ; ∇OΠ∗θ = − δOδΘ−iΠ∗θ 1∂2 ∂l δOδEl .
Lorentz gauge: ∇OAk = δOδEk ; ∇OEk = − δOδAk ; ∇OA0 = δOδE0 ; ∇OE0 = − δOδA0 ; ∇OΘ = δOδΠ∗θ ;
∇OΠθ = − δOδΘ∗ ; ∇OΘ∗ = δOδΠθ ; ∇OΠ∗θ = − δOδΘ .
Gauge
invariance
condition
Hamiltonian and Lorentz gauges: dΛ[β][∇OX ] = 0
Lorentz gauge: dE0[β][∇OX ] = 0
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5.2 Transformations of semiclassical states
1. Poincare and gauge transformations are of the form
exp
[
− i
h
τOˆ
]
, (5.3)
where Oˆ is of the semiclassical form (5.1). Due to renormalization, one should also
take into account the one-loop quantum corrections and consider observables of the more
general form
Oˆ = O(
√
hϕˆ,
√
hpˆi) + hO(1)(
√
hϕˆ,
√
hpˆi) + ...
Let us consider the state vector
Ψτ ≡ e− ih OˆτKhX0f0
as h→ 0. It satisfies the following Cauchy problem
i
dΨτ
dτ
=
1
h
OˆΨτ , Ψ0 = KhX0f0. (5.4)
Let us look for the approximate as h → 0 solutions of the Cauchy problem (5.4) in a
following form:
Ψτ ≃ KhXτf τ . (5.5)
Let us find semiclassical equations for Xτ , f τ . It happens that commutation rule (2.13)
is to be corrected for our case as:
ih
d
dτ
KhXτf
τ = KhXτ [ωXτ [X˙
τ ]]−
√
hΩXτ [X˙
τ ] + ih
d
dτ
]f τ ; (5.6)
no additional terms of the order O(h) are added. Combining commutation rules (5.5) and
(5.6), one finds that substitution (5.5) is an approximate solution of eq.(5.4) iff
ωXτ [X˙
τ ] = O(Xτ); ΩXτ [X˙
τ ] = −ΞO(Xτ ); (5.7)
i
d
dτ
f τ =
[
1
2
Ξ2O((Xτ) +O(1)(Xτ )
]
f τ . (5.8)
Eqs. (5.7) specify classical evolution. The first relation allows us to express S˙τ via other
derivatives. The second equations can be written as
X˙τ = ∇OXτ + δX, ΩX [δX ] = 0.
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We see that X˙τ is defined up to a gauge transformation. One can choose δX in order to
make equations more convenient.
Denote by uτO : X 7→ uτOX the transformation taking the initial conditions for the
system of equations for Xτ ≡ (Sτ ,Πτ ,Φτ ) of the form
S˙τ =
∫
dxΠτ Φ˙τ − O(Πτ ,Φτ ), Π˙τ = ∇OΠτ , Φ˙τ = ∇OΦτ (5.9)
to the solution of the Cauchy problem. This is the classical evolution corresponding to
the observable O.
2. Investigate the properties of evolution of f t which is given by eq.(5.8). Let Xτ (α)
be a function of τ and α = (α1, ..., αk). It happens that the following relation is satisfied:
[i d
dτ
− 1
2
Ξ2O(Xτ)−O(1)(Xτ ); ΩXτ [∂Xτ∂αa ]] =
iΩXτ [
∂
∂αa
(∂X
τ
∂τ
−∇OXτ )] (5.10)
One can check equality (5.10) in differeny ways. First, one can start from the identity
[ih
d
dτ
− Oˆh, ih ∂
∂αa
]KhXτ (α)f
τ (α) = 0.
It is taken to the following form
[ωX [X˙ ]−
√
hΩX [X˙ ] + ih
∂
∂τ
−O(X)−√hΞO(X)− h
2
Ξ2O(X)− O(1)(X);
ωX [
∂X
∂αa
−√hΩX [ ∂X∂αa ] + ih ∂∂αa ] = 0.
Considering the terms of the order O(h3/2), one comes to the identity (5.10). Another way
to check eq.(5.10) is to use the direct calculation method. It is important to notice that
the operator identity (5.10) is valid even for the space of functionals g[ak, ϑ, ϑ∗] before
factorization.
3. Let us investigate the unitariry proprty for the Hamiltonian gauge. It happens
that one should require that
[∇O;∇Λ[β]] = −∇Λ[COβ] (5.11)
for some linear operator CO. Under condition (5.11), let us check that equality
[i d
dτ
− 1
2
Ξ2O(Xτ)− O(1)(Xτ ); (ΞΛ[β])(Xτ)] =
i(ΞΛ[COβ])(X
τ)]
(5.12)
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is valid for the space of functionals g[ak, ϑ, ϑ∗] before factorization.
To justify property (5.12), notice that it is equivalent to
[i d
dτ
− 1
2
Ξ2O(Xτ)−O(1)(Xτ ); ΩXτ [∇Λ[β]Xτ ] =
iΩXτ [∇Λ[COβ]Xτ ].
(5.13)
To check relation (5.13), leu us use identity (5.10). Set
Xτ (α) ≡ uαΛ[β]uτOX = uαΛ[β]Xτ .
Then ∇Λ[β]Xτ ≡ ∂X
τ (α)
∂α
and property (5.13) is taken to
∇Λ[COβ]Xτ = ∂∂α
∣∣∣α=0 (∂Xτ (α)∂τ −∇OXτ (α)
)
=
∂
∂α
∣∣∣α=0 ∂∂t
∣∣∣t=0 (uαΛ[β]ut+τO − utOuαΛ[β]uτO)X = [∇Λ[β];∇O]Xτ .
Thus, relation (5.12) is satisfied.
Let us now check conservation of the inner product
(gτ ,
∏
x
δ(ΞΛx)(X
0)gτ ) = (gτ ,
∫
Dβei(ΞΛ[β])(X
τ )gτ )
where
(g, g˜) ≡ DakDϑDϑ∗g∗[ak, ϑ, ϑ∗]g˜[ak, ϑ, ϑ∗]
It follows from eq.(5.12) that
[i d
dτ
− 1
2
Ξ2O(Xτ)− O(1)(Xτ ); eiΞΛ[β](Xτ )]
= −ΞΛ[COβ](Xτ )eiΞΛ[β](Xτ ) = −
∫
dy(COβ)(y)
1
i
δ
δβ(y)
eiΞΛ[β](X
τ )].
Therefore,
i
d
dτ
(gτ ,
∏
x
δ(ΞΛx)(X
0)gτ) = [O(1)(Xτ )− O(1)∗(Xτ )− iT rCO(Xτ )](gτ ,
∏
x
δ(ΞΛx)(X
0)gτ).
Thus, zero-norm states are always taken to zero-norm states under condition (5.12), while
unitary requirements mean that
ImO(1) =
1
2
TrCO. (5.14)
Usually, TrCO will vanish.
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4. For the Lorentz gauge, one should check conservation of the linearized Gupta-
Bleuler condition. A sufficient condition is as follows:
[i d
dτ
− 1
2
Ξ2O(Xτ )−O(1)(Xτ ); ΞE0[β](Xτ )− iΞΛ[ 1√−∆β](Xτ )] =
i(ΞE0[C(L)O β](Xτ)− iΞΛ[ 1√−∆C
(L)
O β](X
τ)).
(5.15)
for some operator C
(L)
O . It is a corollary of the relation
[∇O;∇EO[β]−iΛ[ 1√−∆β]] = ∇EO [C(L)O β]−iΛ[ 1√−∆C(L)O β]. (5.16)
5. Thus, for all observables we have constructed the semiclassical evolution trans-
formation taking initial condition for eq.(5.8) to the solution for this equation. This
transformation conserves equivalence property and inner product. It can be reduced to
the factorspace; denote the obtained operator as U τO(u
τ
OX ← X) : FX → FuτOX .
The introduced transformations uτO and U
τ
O(u
τ
OX ← X) obey the following properties.
Let X = X(α); then
ωuOX [
∂(uOX)
∂αa
] = ωX [
∂X
∂αa
];
ΩuOX [
∂(uOX)
∂αa
]UO(uOX ← X) = UO(uOX ← X)ΩX [ ∂X∂αa ].
(5.17)
The first relation means that the action 1-form ω is conserved under time evolution
d
dτ
ωuτ
O
X [
∂(uτOX)
∂αa
] = 0. (5.18)
Relation (5.18) is checked by a direct computation. The second property means that
the operator Ωuτ
O
X [
∂(uτOX)
∂αa
] takes solutions of eq.(5.8) to solutions. This is true since
Ωuτ
O
X [
∂(uτ
O
X)
∂αa
] commutes with i d
dτ
− 1
2
Ξ2O(Xτ)− O(1)(Xτ) according to eq.(5.10).
5.3 Semiclassical gauge transformations
1. It has been noticed in section 3 that quantum states
ΨH ∼ exp
[
− i√
h
∫
dxα(x)Λˆx
]
ΨH (5.19)
are gauge-equivalent (for the Hamiltonian gauge). Therefore, semiclassical states
KhX1f1 ∼ e−
i√
h
∫
dxα(x)ΛˆxKhX1f1 ≃ KhuΛ[α]XUΛ[α](uΛ[α]X ← X)f
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are also gauge-equivalent. Therefore, for the Hamiltonian gauge, one should introduce an
equivalence relation on the semiclassical bundle: one should set
X1 ∼ X2 ⇔ X2 = uΛ[α]X1 for some α;
moreover, KhX1f1 ≃ KhX2f2 iff f2 = V (X2 ← X1)f1 for
V (X2 ← X1) = UΛ[α](uΛ[α]X ← X).
2. For the Lorentz gauge, due the Gupta-Bleuler equivalence relation, there is also a
gauge transformation of another form
ΨL ∼ e−
i√
h
∫
dxκ(x)Eˆ0(x)ΨL.
For the Lorentz gauge, one should then set
X1 ∼ X2 ⇔ X2 = uΛ[α]uE0[κ]X1 for some α, κ;
KhX1f1 ≃ KhX2f2 iff f2 = V (X2 ← X1)f1 for
V (X2 ← X1) = UΛ[α](uΛ[α]uE0[κ]X ← uE0[κ]X)UE0[κ](uE0[κ]X ← X).
3. An explicit form of equivalence relation is the following. For the Hamiltonian
gauge, property X2 = uΛ[α]X1 means that
S(2) = S(1), E (2)k = E (1)k , A(2)k = A(1)k − ∂kα, Π(2) = Π(1)eiα, Θ(2) = Θ(1)eiα. (5.20)
The operator V (X2 ← X1) is if the form
V (X2 ← X1)g[ak, ϑ, ϑ∗] = g[ak, ϑe−iα, ϑ∗eiα]. (5.21)
For the Lorentz gauge, equality X2 = uΛ[α]uE0[κ]X1 consists of relation A(2)0 = A(1)0 + κ
and eqs.(5.20), the operator V (X2 ← X1) is
V (X2 ← X1)v[a0, ak, ϑ, ϑ∗] = V (X2 ← X1)v[a0, ak, ϑe−iα, ϑ∗eiα]. (5.22)
It follows from relations (5.21), (5.22) that
V (X3 ← X1) = V (X3 ← X2)V (X2 ← X1) (5.23)
for both gauges.
Notice also that properies (2.31) are partial cases of (5.17).
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5.4 Semiclassical Poincare transformations
To construct semiclassical Poincare transformations (classical transformations ug : X →
X and unitary operators Ug(ugX ← X) : FX → FugX , notice that it is possible to use
decomposition (3.22) for the Poincare group. Thus, it is sufficient to specify semiclassical
spatial translations and rotations, boosts and evolution.
The corresponding 1-parametric subgroups g(τ) ≡ (aτ ,Λτ) of the Poincare group are
presented in table 3. For such cases,
ug(τ) ≡ uτO, Ug(τ)(ug(τ)X ← X) ≡ U τO(uτOX ← X).
Observables O corresponding to 1-parametric subgroups are presented in table 3. They
indeed satidfy eq.(5.11).
Notice that properties (2.21) of semiclassical Poincare transformations are partial cases
of (5.17).
5.5 Manifestly covariant semiclassical observables and fields
1. In the previous subsections, we have considered the semiclassical field operators in the
Hamiltonian framework. The fields depended on the spatial coordinates only.
Let us consider now the Poincare covariant observables. They should depend on
Heisenberg fields ϕˆ(x) = (Aˆµ(x), θˆ(x), θˆ∗(x)):
Oˆ = O(
√
hϕˆ(·)) = O(
√
hAˆµ(·),
√
hθˆ(·),
√
hθˆ∗(·)). (5.24)
For gauge theories, only gauge-invariant observables should be considered. This means
that quantum expression (5.24) specidies an observable iff the classical functional
O(Aµ(·),Θ(·),Θ∗(·)) is invariant under gauge transformations
O(Aµ + ∂µα,Θeiα,Θ∗e−iα) = O(Aµ,Θ,Θ∗). (5.25)
One can rewrite property (5.25) in the infinitesimal form. Namely, expanding the left-
hand side of relation (5.25) in α(·), one finds that
∫
dx
[
δO
δAµ(x)∂µα(x) +
δO
δΘ(x)
iα(x)Θ(x) +
δO
δΘ∗(x)
(−iα(x)Θ(x))
]
= 0.
This means that
∂µ
δO
δAµ(x) = i
[
Θ(x)
δO
δΘ(x)
−Θ∗(x) δO
δΘ∗(x)
]
. (5.26)
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Table 3: Equations for classical Poincare transformations
Element of
Poincare
group (aτ ,Λτ ); cor-
responding observ-
able Oˆ
Classical Poincare transformation uaτ ,Λτ : X
0 7→ Xτ is found from classical equations
Φ˙ = ∇OΦ, Π˙ = ∇OΠ, S˙ =
∫
dxΠΦ˙−O(Π,Φ) of the form:
aτ = 0, Λτ =
exp( τ2 l
smζsm);
ζsm = −ζms, spa-
tial rotation; Oˆ =
− 12Mlmζlm.
all gauges:
Θ˙τ = ζklx
k∂lΘ
τ ; Π˙θ
τ
= ζklx
k∂lΠ
τ
θ ; S˙
τ = 0;
A˙sτ = ζklxk∂lAsτ + ζslAlτ ; E˙τs = ζklxk∂lEτs + ζslEτl .
Lorentz gauge: A˙0τ = ζklxk∂lA0τ .
a0τ = 0, a
k
τ = b
kτ ,
Λτ = 1; spatial
translation; Oˆ =
bkPk.
all gauges:
Θ˙τ = −bk∂kΘτ ; Π˙θτ = −bk∂kΠτθ ; S˙τ = 0;
A˙sτ = −bk∂kAsτ ; E˙τs = −bk∂kEτs .
Lorentz gauge: A˙0τ = −bk∂kA0τ .
a0τ = −τ , akτ = 0,
Λτ = 1; evolution;
Oˆ = P0. all gauges:
Θ˙τ = Πτθ + iA0τΘτ ; −Π˙θ
τ
= −DiDiΘτ +m2Θτ + V ′(ΘτΘτ∗)Θτ − iA0τΠτθ ;
A˙kτ = Eτk − ∂kA0τ ; −E˙τk = i[(DkΘτ )∗Θτ −Θτ∗DkΘτ ]− ∂j(∂jAk − ∂kAj);
S˙τ =
∫
dx[...];
Dk ≡ ∂k + iAkτ .
Hamiltonian gauge: A0τ = 0;
Couloumb gauge: A0τ ⇒ 1
∂2
∂lEτl ;
Lorentz gauge: A˙0τ = −∂kAkτ .
aτ = 0, Λτ =
exp(−τnklk0);
boost; Oˆ = nkMk0. all gauges:
Θ˙τ = nsxs[Πτθ + iA0τΘτ ]; A˙kτ = xsnsEτk − ∂k(xsnsA0τ );
−Π˙θτ = −DixsnsDiΘτ + xsns(m2Θτ + V ′(ΘτΘτ∗)Θτ − iA0τΠτθ );
−E˙τk = ixsns[(DkΘτ )∗Θτ −Θτ∗DkΘτ ]− ∂jxsns(∂jAk − ∂kAj);
S˙τ =
∫
dx[...];
Dk ≡ ∂k + iAkτ .
Hamiltonian gauge: A0τ = 0;
Couloumb gauge: xsnsA0τ ⇒ 1
∂2
∂lx
snsEτl ;
Lorentz gauge: A˙0τ = −∂kxsnsAkτ .
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A formal analog of commutation rule (2.7) for the field is
OˆKhXf ≃ KhXO(Aµ +
√
haˆµ,Θ+
√
hϑˆ,Θ∗ +
√
hϑˆ∗)f ≃ KhX [O(X) +
√
hΞO(X)]f
with
O(X) ≡ O(Aµ(·),Θ(·),Θ∗(·)),
ΞO(X) ≡ ∫ dx ( δO
δAµ(x) aˆ
µ(x|X) + δO
δΘ(x)
ϑˆ(x|X) + δO
δΘ∗(x) ϑˆ
∗(x|X)
)
.
(5.27)
Therefore, there is the following specific feature of the gauge theory. For the scalar field
theory, semiclassical field φˆ(x|X) is a well-defined operator distribution in the following
sense: expression
∫
dxφˆ(x|X) δO
δΦ(x)
specifies a well-defined operator for any smooth rapidly
damping at infinity function δO
δΦ(x)
. For the electrodynamic case, the linear combination
(5.4) should specify a well-defined operator, provided that the c-number functions δO
δAµ(x) ,
δO
δΘ(x)
, δO
δΘ∗(x) satisfy eq.(5.26).
To define c-number quantity O(X) and operator ΞO(X), let us introduce manifestly
covariant notations.
2. Let us identify elements X ∈ X with sets X = (S,Φ(x)) ≡
(S,Aµ(x),Θ(x),Θ∗(x)) ∈ X = {(X)} analogously to section 2. Here Φ(x) ≡ Φ(x|X)
is a solution of system of classical equations
∂νF
µν
= i(Θ
∗
D
µ
Θ−ΘDµΘ∗);
DµD
µ
Θ+m2Θ+ V ′(Θ
∗
Θ)Θ = 0
(5.28)
with
Fµν = ∂µAν − ∂νAµ, Dµ = ∂µ − iAµ.
Initial conditions for system (5.28) are as follows:
Θ|x0=0 = Θ(x), D0Θ|x0=0 = Πθ(x),
Ak|x0=0 = Ak(x), F 0k|x0=0 = Ek(x), A0|x0=0 = A0(x).
(5.29)
Condition for A0 should be imposed for Lorentz gauge only.
It is well-known that a solution to the Cauchy problem (5.28), (5.29) is defined up to
a gauge transformation. Namely, if we constructed one of solutions (Aµ(x),Θ(x)) then
the functions
Aµ(x) + ∂µρ(x), Θ(x)eiρ(x) (5.30)
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would also satisfy system (5.28). For different gauges, different additional gauge conditions
are to be imposed then.
Making use of the introduced notations, set
O(X) ≡ O[Φ(·)].
This is a well-defined expression since the functional O is invariant under gauge transfor-
mations (5.30).
For X1 ∼ X2, one also checks property (2.41)
O(X2) = O(X1),
since gauge-equivalent initial conditions for system (5.28) generate gauge-equivalent so-
lutions.
Let us check now property (2.36). It can be written as
O(Φ(·|ugX)) = (vgO)(Φ(·|X)) ≡ O(vgΦ(·|X)). (5.31)
Property (5.31) means that the space-time functions
A˜µ(x) = ΛµνAν(Λ−1(x− a)); Θ˜(x) = Θ(Λ−1(x− a)) (5.32)
satisfies system (5.28), while initial conditions X˜ = (E˜µ, A˜µ, Π˜θ, Θ˜)
Θ˜(x) ≡ Θ˜|x0=0, Π˜θ(x) ≡ D˜0Θ˜|x0=0,
A˜k(x) ≡ A˜k|x0=0, E˜k(x) ≡ F˜0k|x0=0 (5.33)
are gauge-equivalent to ugX :
X˜ ∼ ugX. (5.34)
System (5.28) for functions (5.32) is satisfied due to Poincare invariance of (5.28)l property
(5.34) is checked by direct calculations for partial cases: spatial translations and rotations,
evolution and boosts.
3. A tangent vector δX ∈ TX can be identified with a set δX ≡ (δS, δΦ(x)) ∈ TX ;
δΦ being a solution to the variation system. Analogously to (2.23),
δ{∂νF µν − i(Θ∗DµΘ−ΘDµΘ∗)} = 0;
δ{DµDµΘ+m2Θ+ V ′(Θ∗Θ)Θ} = 0. (5.35)
Then one introduces the operator Ω[δΦ] = Ω[δX ]. Notice that correspondence (δΠ, δΦ) 7→
δΦ is not one-to-one; however, one has Ω[δX ] = 0 if X+ δX ∼ X ; therefore, the operator
Ω[δΦ] is well-defined.
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The commutation relation (2.15) between operators Ω[δΦ] can be taken to a manifestly
covariant form. Making use of eq.(4.13), one obtains
[Ω[δ1Φ],Ω[δ2Φ]] =
−i ∫x0=0 dx[δ1Ekδ2Ak + δ1Πθδ2Φ∗ + δ1Π∗θδ2Φ− δ2Ekδ1Ak − δ2Πθδ1Φ∗ − δ2Π∗θδ1Φ] =
−i ∫x0=0 dx
[
δ1
∂L
∂Φ,0
δ2Φ− δ2 ∂L∂Φ,0 δ1Φ
]
with Φ ≡ (Aµ,Θ,Θ∗), the notation Φ,µ ≡ ∂µΦ is introduced, L is the classical Lagrangian
L = DµΘ∗DµΘ−m2Θ∗Θ− V (Θ∗Θ)− 1
4
FµνFµν .
One can notice that
∂µ
[
δ1
∂L
∂Φ,µ
δ2Φ− δ2 ∂L
∂Φ,µ
δ1Φ
]
= 0.
Therefore, the commutator relation is taken to the manifestly covariant form
[Ω[δ1Φ],Ω[δ2Φ]] = −i
∫
dσµ
[
δ1
∂L
∂Φ,µ
δ2Φ− δ2 ∂L
∂Φ,µ
δ1Φ
]
(5.36)
4. Let us express the operator ΞO(X) via the operator 1-form Ω. Since ΞO(X) is a
linear combination of semiclassical fields, it should be of the form
ΞO(X) = −Ω[∇OΦ]. (5.37)
Let us find an explicit form of ∇OΦ. It should be obtained from relation (2.40):
δO =
∫
dσµ
[
δ
∂L
∂Φ,µ
∇OΦ−∇O ∂L
∂Φ,µ
δΦ
]
. (5.38)
One can construct variation ∇OΦ in the following way. First, consider the function ∇OΦ
satisfying classical equations of motion with an external source:
∇O
{
∂L
∂Φ
−
(
∂L
∂Φ,α
)
,α
}
= δO
δΦ
,
∇OΦ|x0→−∞ = 0.
(5.39)
Then, let ∇OΦ be a solution of variation system with boundary condition at +∞:
∇O
{
∂L
∂Φ
−
(
∂L
∂Φ,α
)
,α
}
= 0,
∇OΦ ≡ ∇OΦ|x0=+∞.
(5.40)
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If the variation δO
δΦ(x)
is a function with compact support (the observable O is local), the
limits x0 → ±∞ mean x > supp δO
δΦ(x)
and x < δO
δΦ(x)
.
Let us check eq.(5.38). One takes the right-hand side to the form:
∫
x0→+∞ dσµ
[
δ ∂L
∂Φ,µ
∇OΦ−∇O ∂L∂Φ,µ δΦ
]
=
∫
dx∂µ
[
δ ∂L
∂Φ,µ
∇OΦ−∇O ∂L∂Φ,µ δΦ
]
=
∫
dx
[
δ
(
∂L
∂Φ,µ
)
,µ
∇OΦ + δ ∂L∂Φ,µ (∇OΦ),µ −∇O
(
∂L
∂Φ,µ
)
,µ
δΦ−∇O ∂L∂Φ,µ (δΦ),µ
]
.
(5.41)
Making use of property (5.39) and relation
δ

∂L∂Φ −
(
∂L
∂Φ,α
)
,α

 = 0,
one takes the right-hand side of expression (5.41) to the form
∫
dx
δO
δΦ(x)
δΦ(x).
This coincides with the left-hand side δO. Therefore, formula (5.38) is satisfied and
ΞO(X) has the form (5.37) under conditions (5.39) and (5.40). This is in agreement with
analogous relations for scalar field theory (section 2).
An explicit form of eqs.(5.39) for scalar electrodynamics is
∇O{∂νF µν − i(Θ∗DµΘ−ΘDµΘ∗)} = − δOδAµ(x) ;
∇O{DµDµΘ+m2Θ+ V ′(Θ∗Θ)Θ} = δOδΘ∗(x) ;
∇O{DµDµΘ∗ +m2Θ∗ + V ′(Θ∗Θ)Θ∗} = δOδΘ(x) ;
∇OAµ|x0→−∞ = 0, ∇OΘ|x0→−∞ = 0, ∇OΘ∗|x0→−∞ = 0
(5.42)
and
∇OAµ|x0→+∞ = ∇OAµ|x0→+∞,
∇OΘ|x0→+∞ = ∇OΘ|x0→+∞, ∇OΘ∗|x0→+∞ = ∇OΘ∗|x0→+∞.
Notice that variation system (5.42) is solvable iff the gauge invariance condition (5.26) is
satisfied.
5. One can now check that relations (2.36) and (2.41) for ΞO are indeed satisfied.
Property (2.36) is a corollary of Poincare invariance of system (5.42) and analogous prop-
erty for the operators Ω. Property (2.41) is a corollary of gauge invariance of the observable
O and property (2.31) for the operators Ω.
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5.6 Conservation of gauge equivalence relation
An important property of semiclassical Poincare transformations is that they should take
gauge equivalent semiclassical states to gauge equivalent (eq.(2.29)). Let us investigate
this property for the more general case of semiclassical transformation:
(X0, f 0) 7→ (Xτ = uτOX0, f τ = U τO(uτOX ← X)f 0). (5.43)
One should check whether
(X1, f1) ∼ (X2, f2)
implies that
(uτOX1, U
τ
O(u
τ
OX1 ← X1)f1) ∼ (uτOX2, U τO(uτOX2 ← X2)f2). (5.44)
Property (5.44) is not convenient for check. It is more suitable to consider gauge-invariant
sections of the semiclassical bundle. To specify a section χ, one should assign a quantum
state χX ∈ FX to each X ∈ X . We say that section χ is gauge invariant iff
χX2 = V (X2 ← X1)χX1 (5.45)
for all X1 ∼ X2.
It is remarkable that semiclassical states (X1, f1) and (X2, f2) are gauge equivalent iff
for all gauge invariant sections χ the relation
(χX1 , f1) = (χX2 , f2) (5.46)
is satisfied. Eq.(5.46) is a convenient necessary and sufficient condition of equivalence of
semiclassical states.
An automorphism (5.43) of semiclassical bundle may be viewed as transformation in
the space of sections. Namely, consider the operator Uˇ τO taking section χ to the following
section
(Uˇ τOχ)X = U
τ
O(X ← u−τO X)χu−τ
O
X . (5.47)
It happens that property (5.44) means that gauge invariant sections are taken to gauge
invariant. This can be checked by using identity (5.46).
To justify that the property of gauge invariance of section χ is conserved under time
evolution, one can notice that the section χτO ≡ Uˇ τOχ satisfies the equation
i
d
dτ
χτO = Oˇχ
τ
O
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with
Oˇ =
1
2
Ξ2O(X) +O(1)(X)− i∇O.
Condition of gauge invariance of the section can be written as
Λˇ[α]χτO = 0, Hamiltonian gauge;
Λˇ[α]χτO = 0, and Eˇ0[κ]χτO = 0, Lorentz gauge.
(5.48)
Therefore, one should check that
[Oˇ, Λˇ[α]]χτO = 0, [Oˇ, Eˇ0[κ]]χτO = 0 (5.49)
under conditions (5.48).
It is shown in ref. [19] that for classical observables A and B
[i∇A − 12Ξ2A−A(1), i∇B − 12Ξ2B − B(1)] =
i(i∇{A;B} − 12Ξ2{A;B}+∇BA(1) −∇AB(1)),
(5.50)
provided that the Weyl quantization is used. Here {A;B} is a Poisson bracket. Thus, for
the case of gauge-invariant observables,
{O; Λ[α]} = 0, {O; E0[κ]} = 0 (5.51)
on the constraint surface, properties (5.49) are formally satisfied. However, one should be
careful with quantum corrections O(1) due to divergences and renormalization.
For the Poincare generators, one has:
• for the Hamiltonian gauge,
{Λx;H} = 0, {Λx;Mk0} = 0,
{Λx;P l} = ∂lΛx, {Λx;Mkl} = (xk∂l − xl∂k)Λx;
• for the Lorentz gauge, {Λx;P l} and {Λx;Mkl} are the same, while
{Λx;H} = ∆xE0(x); {λx;Mk0} = ∂sxk∂sE0(x);
{E0(x);H} = Λx; {E0(x);Mk0} = xkΛx;
{E0(x);P l} = ∂lE0(x); {E0(x);Mkl} = (xk∂l − xl∂k)E0(x).
Relations (5.51) are satisfied.
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5.7 On group and infinitesimal properties
The remaining property to be checked is eq.(2.32). It can be simplified. Consider the
operator Uˇg in the space of gauge invariant sectons χ:
(Uˇgχ)X = Ug(X ← ug−1X)χug−1X . (5.52)
Relation (2.32) will be rewritten as
Uˇg1g2χ = Uˇg1Uˇg2χ. (5.53)
Therefore, the correspondence g 7→ Uˇg in the space of sections is a representation of the
Poincare group. To check eq.(5.53), it is more convenient to justify infinitesimal analogs
of (5.53): [
Pˇ λ; Pˇ µ
]
χ = 0;
[
Mˇλµ; Pˇ σ
]
χ = i(gµσPˇ λ − gλσPˇ µ)χ;[
Mˇλµ; Mˇρσ
]
= −i(gλρMˇµσ − gλσMˇµρ + gµσMˇλρ − gµρMˇλσ)χ (5.54)
under conditions (5.48). making use of relations (5.50), one reduces relation (5.54) to the
classical formulas:
{Pλ;Pµ} = 0; {Mλµ;Pσ} = i(gµσPλ − gλσPµ);
{Mλµ;Mρσ} = −i(gλρMµσ − gλσMµρ + gµσMλρ − gµρMλσ). (5.55)
For the Lorentz gauge, relations (5.55) are satisfied exactly, for the Hamiltonian gauge,
they are valid on constraint surface. For the Couloumb gauge, one can reduce it to one
of other gauges.
6 Conclusions
Thus, axioms of semiclassical scalar electrodynamics have been discussed. The considered
approach is not manifestly covariant, so that a rigorous proof of properties of semiclassical
theory (analog of [12]) is not easy.
It is possible to simplify the semiclassical theory. One should use a manifestly covariant
semiclassical approach [27]. For this approach, axioms formulated here are also valid;
however, it is BRST-BFV quantization that can be formulated in this way; on the other
hand, the Hamiltonian approach of this paper is applicable to Hamiltonian and Couloumb
gauges as well.
One can also investigate the semiclassical properties of the non-abelian gauge theories.
The author is going to clarify these problems in further publications.
41
References
[1] N.N.Bogoliubov, A.A.Logunov, A.I.Oksak, I.T.Todorov. General Principles of Quan-
tum Field Theory. Moscow, Nauka, 1987.
[2] N.N.Bogoliubov, D.V.Shirkov. Intoduction to the Theory of Quantized Fields. N.-Y.,
Interscience Publishers, 1959.
[3] O.I.Zavialov. Renormalized Feynmann Graphs. Moscow, Nauka, 1979.
[4] A.A.Slavnov and L.D.Faddeev, Introduction to Quantum Theory of Gauge Fields,
Moscow, Nauka, 1978.
[5] R.Dashen, B.Hasslasher, A.Neveu, Phys. Rev. D10 (1974), 4114;
R.Rajaraman, Solitons and Instantons. An Introduction to solitons and instantons
in quantum field theory, North-Holland,Amsterdam, Netherlands, 1982;
J. Coldstone, R.Jackiw, Phys.Rev. D11 (1975), 1486;
L.D.Faddeev, V.E.Korepin, Phys. Rep. 42 (1978) 1.
[6] R.Jackiw, Rev.Mod.Phys. 49 (1977), 681.
[7] A.A. Grib, S.G. Mamaev, V.M. Mostepanenko, Vacuum Quantum Effects in Strong
Fields, Atomizdat, Moscow, 1988; Friedmann Laboratory Publishing, St. Petersburg
1994.
[8] N.D. Birrell, P.C.W. Davies, Quantum Fields in Curved Space, Cambridge, UK:
Univ. Pr. , 1982.
[9] D.Boyanovsky, H.J. de Vega and R.Holman, Phys. Rev. D49 (1994), 2769;
D.Boyanovsky, H.J. de Vega, R.Holman, D.S.Lee and A.Singh, Phys. Rev. D51
(1995), 4419.
[10] F.Cooper, E.Mottola, Phys.Rev. D36 (1987), 3114;
S.-Y.Pi, M.Samiullah, Phys. Rev. D36 (1987), 3128.
[11] R.Jackiw and A.Kerman, Phys.Lett. A71 (1979), 158;
F.Cooper, S.-Y.Pi and P.Stancioff, Phys. Rev. D34 (1986), 3831;
O.Eboli, R.Jackiw and S.-Y.Pi, Phys. Rev. D37 (1988), 3557;
O.Eboli, S.-Y.Pi and M.Samiullah, Ann. Phys. 193 (1989), 102.
[12] O.Yu.Shvedov. J.Math.Phys. 43 (2002) 1809.
42
[13] O.Yu.Shvedov. Ann.Phys. 296 (2002) 51.
[14] V.P.Maslov. Operational Methods. Moscow, Nauka, 1973.
[15] V.P.Maslov. The Complex-WKB Method for Nonlinear Equations. Moscow, Nauka,
1977.
[16] O.Yu.Shvedov. Mat.Zametki. 65 (1999) 437;
O.Yu.Shvedov. Mat.Sbornik. 190(10) (1999) 123.
[17] V.P.Maslov, O.Yu.Shvedov. Teor.Mat.Fiz. 104 (1995) 479.
[18] V.P.Maslov. Perturbation Theory and Asymptotic Methods. Moscow, Moscow Uni-
versity Press, 1965.
[19] O.Yu.Shvedov. Teor. Mat. Fiz. 136 (2003) 418; hep-th/0111265.
[20] P.A.M.Dirac, Lectures on Quantum Mechanics, Yeshiva Univ., New York, 1965.
[21] C. Becchi, A. Rouet and R. Stora, Phys. Lett. B52 (1974) 344;
C. Becchi, A. Rouet and R. Stora, Ann. Phys. 98 (1976) 287;
I.V. Tyutin, FIAN preprint 39 (1975).
[22] E.S.Fradkin and G.A.Vilkovisky, Phys. Lett. B55 (1975) 224;
I.A.Batalin and G.A.Vilkovisky, Phys. Lett. B69 (1977) 309;
T.Kugo and I.Ojima, Suppl. Prog. Theor. Phys., No 66 (1979) 1.
[23] A.Ashtekar, J.Lewandowski, D.Marolf, J.Mourao and T.Thiemann, J. Math. Phys.
36 (1995) 6456;
D.Marolf, gr-qc/9508015.
[24] H.Arisue, T.Fujiwara, T.Inoue and K.Ogawa, J. Math. Phys. 22 (1981) 2055.
[25] O.Yu.Shvedov. Ann.Phys. 302 (2002) 2.
[26] G.Fulop, hep-th/9509111.
[27] O.Yu.Shvedov, hep-th/0412301, hep-th/0412302.
43
